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Abstract
The packing chromatic number χ (G) of a graph G = (V,E) is the smallest integer k such that the vertex set
V(G) can be partitioned into disjoint classes V1,V2,...,Vk, where vertices in Vi have pairwise distance greater than
i. In this paper, we compute the packing chromatic number of circulant graphs with different jump sizes.
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1. Introduction

All the graphs G = (V, E) considered here are simple, finite and undirected, where |V| = p denotes
number of vertices and |E| = q denotes number of edges of G. In general we use Vi to denote subgraph induced
by the set of vertices V and N(v) and N[v] denote open and closed neighborhood of a vertex v, respectively. Let
deg(v) be the degree of vertex v and usual δ(G) the minimum degree and (G) the maximum degree of a graph G.
A subgraph H of a graph G is called a component of G, if H is maximally connected subgraph of G. Any undefined
term in this paper may be found in Harary14.
A proper coloring of a graph G is an assignment of colors to its vertices of G, such that any two
adjacent vertices have different colors. The chromatic number χ(G) is the minimum number of colors needed in
a proper coloring of G. By a k-partition of G, we mean the partition V1,V2,...,Vk of V(G), where each Vi is the color
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class representing color i, for i = 1,2,...,k. Also, we say k = χ(G) or simply χ. A coloring of G using k-colors is
called a k-coloring or χ-coloring of G. Similarly, the other color classes can be expected. For complete review on
theory of coloring and its related parameters, we refer to1,2,6,8,16,18.
The concept of packing chromatic number was introduced by Goddard et al. in13 under the name
broadcast chromatic number where an application to frequency assignments was indicated. In a given network
the signals of two stations that are using the same broadcast frequency will interfere unless they are located
suffciently far apart. The distance the signals will propagate is directly related to the power of those signals.
Within this model all stations located at vertices in the i-packing, Xi, are allowed to broadcast at the same
frequency with a power that will not allow the signals to interfere at distance i. This concept have several
applications, for instance, in resource placements and biological diversity (i.e., different species in a certain area
require different amounts of territory). Moreover, this concept is both a packing and a coloring (i.e., a partitioning)
concept. Hence, they decided to use “packing chromatic number” instead of broadcast chromatic number. The
packing chromatic number χρ(G) of a graph G is the smallest integer k such that the vertex set V(G) can be
partitioned into disjoint classes V1,V2,...,Vk, where vertices in Vi have pairwise distance greater than i. The term
packing chromatic number was introduced by Bresar et al.,4. For more details, we refer to3,7,10,11,12,19. 20.
For a given positive integer p, let s1, s2, . . ., st be a sequence of integers where 0 < s1 < s2 < . . . < st< +1 .
2

The circulant graph Cp(S) where S = s1, s2, . . . , st is the graph on p vertices labelled as v1, v2, . . ., vp with vertex
vi adjacent to each vertex vi±s j (mod p) and the values st are called jump sizes, see5, 9.
The circulant graphs have a large number of applications and uses in telecommunication network VLSI
design, parallel and distributed computing. The properties of circulant graphs; such as bipartitness, planarity,
Hamiltonicity and colourability have been studied in15, 17.
2. Results
2.1. Circulant graph Cp(1) :
The jump size of circulant graph is one, known as a cycle Cp with p  4 vertices.
Proposition 2.1. For any circulant graph Cp(1); p  4 vertices,

3, if p  4n; n  1
 4, otherwise

χρ (Cρ(1)) = 

Proof. By [8], we have χρ(Cp) = 3 if p = 4n; n  1 and χρ(Cp) = 4; otherwise.
Since Cp(1) Cp; p  4. Hence the result follows.
2.2. Circulant graph

 p
2
 
 p
 ; p  4 vertices, is
2

The circulant graph with jump size 

 p
2 .
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Figure 1. The circulant graph with jump size

 p
 2  .

Observation 2.1 :

 p
 2   Cp(1); p = 2n + 1, n  1
 

(i).

(ii). The circulant graph

 p  ; p = 2n, n  1 vertices contains n times of K2' s and they are
2
 

disconnected.

 p  , p  4 vertices
2
 

Proposition 2.2: For any circulant graph

 p
2
 

χ

Proof. Let

 p
2
 

2, if p  2n  2; n  1
= 
3, if p  2n  3; n  1

be a circulant graph with p  4 vertices, labelled as v1, v2,...,vp. Then, we have the following

casses.
Case 1. If p = 2n + 2; n  1.
 p

Since coloring the vertices v1, v2,...,vp with the disjoint color classes V1,V2,...,Vk. The jump size  2  of circulant
 
graph with p  4 vertices contains n times of K2's and they are disconnected. In which the sequence 1213,....starting
from v1,v2,...,vp. Thus χ

 p
2
 

= 2.

Case 2. If p = 2n + 3; n  1.
In this case assign the colors from the vertices v1, v2,...,vp with the disjoint color classes and each color
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class Vi is a set of vertices with the property that any distinct pair u,v  Vi satisfies dG(u,v) > i. In which the
sequence 1213 ... starting from v1 in the clockwise sense. Thus χ

2.3. Circulant graph

 p
2
 

= 3.

 p
1,2, . . . ,  
2
 p

The circulant graph with jump size 1, 2, . . . ,   is known as complete graph Kp with p  3 vertices.
2
Proposition 2.3: For any circulant graph

χ

 p
1,2, . . . ,  
2

 p
1,2, . . . ,  
2

with p  3 vertices,

= p.

Proof. By [8], we have χρ(Kp) = p with p  3 vertices. Since

 p
1,2, . . . ,    Kp. Hence the result follws.
2

2.4. Circulant graph with odd jump sizes :

 p

The circulant graph with odd jump size 1,3,…,   ; p  6 vertices is known as a complete bipartite graph
2
Kp1, p2 where p1 = p2; that is,

 p
1,3, . . . ,  
2

≅ Kp1, p2.

 p

Figure 2. The circulant graph with odd jump size 1,3,…,  2  .
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Proposition 2.4. For any circulant graph

 p
1,3, . . . ,  
2

χ

Proof. Let

 p
1,3, . . . ,  
2

 p
1,3, . . . ,   ; p  6 vertices,
2

3, if p  2n  2; n  2
= 
.
4, if p  2n  3; n  2

be a circulant graph with p  6 vertices, labelled as v1,v2,..., vp. Then, we have

the following casses.
Case 1. If p = 2n + 2, n  2

 p
Since the circulant graph of odd jump size 1,3,…,   with p = 2n + 2; n  2 vertices and assign the colors from
2
the even vertices. The sequence 1213,.... starting from the vertices v1,...,vp. Thus χ

 p
1,3, . . . ,  
2

=3.

Case 2. If p = 2n + 3, n  2
In this case, vertex set can be partitioned in to disjoint color classes V1,V2,...,Vk. The circulant graph of
 p
odd jump size 1,3,…,   with p = 2n + 3; n  2 vertices and assign the colors from the odd vertices. Each color
2
class Vi should be an i - packing, that is, a set of vertices with the property that any distinct pair u, v  Vi
satisfies dist (u,v) > i. Color the vertices in the sequence 1213,.... starting from the vertex vi in the clock wise

direction. Thus, χ

 p
1,3, . . . ,  
2

= 4 follows.

2.5. Circulant graph with even jump sizes :
The circulant graph with even jump size 2,4,...,

 p
2
 

of circulant graph is denoted by

vertices,

Figure 3. The circulant graph with even jump size 2,4,…,

 p
2.
 

 p
2,4, . . . ,  
2

with p  4
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Proposition 2.5. For any circulant graph

 p
2,4, . . . ,  
2

 p
2,4, . . . ,  
2

χ

Proof. Let a circulant graph
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 p
2,4, . . . ,  
2

with p  4 vertices,

 p
=  .
2

; p  4 be labelled as v1,v2,...,vp. Here the circulant graph can

be partition of the vertex set of the graph into disjoint classes V1,V2,...,Vk.. Each color class Vi should be an
i - packing, that is, a set of vertices with the property that any distinct pair u, v  Vi satisfies dist (u,v) > i. Let
the first vertex v1 can be colored with 1, then the sequence 1213,.... starting from v1 in the clockwise sense. The
minimum coloring set D. Hence χ

 p
2,4, . . . ,  
2

 p
=| D|=  .
2

2.6. Circulant graph Cp(S) without 1

 p

The circulant graph with jump size 2,3,4, …,   is a
2

 p
2,3, . . . ,   ; p  4 vertices.
2

 p

Figure 4. The circulant graph with even jump size 2,3,4,…,   .
2
By the similar proof techniques of Proposition 2.5, the following result is stated without proof.

Proposition 2.6. For any circulant graph

 p
2,3,4, . . . ,  
2

with p  4 vertices,
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 p
2,3,4 . . . ,  
2

χ

 p
=  .
2

2.7. Circulant graph Cp(S) prime jump sizes
The circulant graph with jump size 2,3,5,…,  p  is a

2
 

 p
2,3,5, . . . ,  
2

; p  4 vertices.

Figure 5. The circulant graph with prime jump size 2,3,5,…,  p  .

2
 
By the similar proof techniques of Proposition 2.5, the following result is stated without proof.

Proposition 2.7. For any circulant graph

χ

 p
2,3,5, . . . ,  
2

 p
2,3,5 . . . ,  
2

with p  4 vertices,

 p
=  .
2

3. Conclusion and open problem
The concept of packing chromatic number (Broadcast chromatic number) have many application in
resource allocations, biological diversity and some computer network. circulant graphs and their various
applications are the objects of intensive study in computer science and discrete mathematics. They find the
applications to the computer network design, telecommunication networking and distributed computation.
Some real massively parallel processing systems, large area communication networks and projects (ILLIAC-IV,
Intel Paragon, Cray T3D, MPP, SONET, MICROS, etc.) have distributed loop graphs as interconnection networks.
In this paper, we enumerate the packing chromatic number of different jump sizes of circulant graphs. Further,
we pose the following open problem.
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Open problem 1. Obtain the packing chromatic number of the following graphs.
(i) Integral circulant graphs
(ii) Regular circulant graphs
(iii) Cayley graphs.
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