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Abstract

In thbe article, R be a ring with local units that have discussed. For any ME mod-R, the map u(M1+M):
(M1+M2)— (M1+M) given by X1 (Mi + Mj) ®ri = ¥1(Mi + Mj) ®r be an isomorphism of right R-modules.
j=1 j=1
Strongly U-Flat Modules over Matlis Domains has defined and discussed with their properties to know the
relations.
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Mathematics subject classification: Primary; 13C11, 13C13 Secondry: 13D07, 13G05.

1. Introduction

“A vector space M over a field R be a set of objects called vectors, which may be added, subtracted
and multiplied by scalars (members of the underlying field). Thus M be an Abelian group under addition, and for
everyr e Rand x € M we have an element rx e M. Scalar multiplication is distributive and associative. The
multiplicative identity of the field acts as an identity on vectors. Consider a ring R with a local is U-flat as a left
R-module™®.

1 A= (A;+Ay) beapureideal of R.
2. For everyfinite family ai<i < n of the element of A, there existst € Asuch that ai=ait Vi<i<n.
3. Forall o € Athereexists f e Asuchthat x € a 3.
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R

—  beaw-flat R-module.
(Al +A2)

Moreover, A is finitely generated, and then Ais pure if and only if it is generated by an idempotent. Let O—A
B— C—O0 be an exact sequence such that A and C are strongly U- Flat modules, then B is strongly U- Flat
modules. Let R be a semi- Dedekind domain. If M be a w-projective R-module and N be a weak U-projective

R-module then (M1+M;) @Y is weak U-projective. The subsequent statements are equivalent,**?

1. “Risthe Prufer domain.
2. Every R-module is pure U-projective.

3 Extfe (M1+Ma, N)=0 for all pure U-projective R-module N.
4. Every pure U-projective R-module has on the injective envelope with the unique mapping property”*.

If M be an R-module, then the subsequent are equivalent*:
1 “Mis pure U-projective; Where M= M1 +M.
2. Mis pure projective concerning every exact sequence O—>A—B—0O, where A is pure U-projective.
3. For every exact sequence 0— K— F— M— 0 with ker t = O where F is pure W-injective, K— F bea pure
U-injective pre-envelope of K.
4. Mis co-kernel of a pure U-injective pre-envelope of K—F with F projective™™.

Let R be a semi-Dedekind domain, for an R-module M; the subsequent statements are equivalent'’;
1 “Pwid(M)< n.
2 Ext§+1 (N, M) = 0O for all R-module N of U-dimension <1.

3. Ifthe sequence 0->M —Eg >Ei1—....... —En— Olis exact with Eo, E1= En=1 pure U-injective, then also E,
is pure U-injective”?’.

Let R be a semi-Dedekind domain, for an R-module M and an integer n > 0 the subsequent statements are
equivalent'’;

1 “Pwid (M) <n.

2 Extﬁ” (N, M) = O for any pure U —injective R-module N.

3. Exty " (M, N) = O for any pure U-injective R-module N and j >1.

4. There exists an exact sequence, 0— Py = Prai—....... —P1 Pg ->M — O where every P; is pure U-
projective™’.

Definition 1.1: “Let R be an arbitrary ring, we will say that a module M € R- mod is U- flat if the
function- ®r(M1 + M) is exact on the category R-module. In other words, if whenever O—A®r (M1 + M,) —B

®r(M1 + M;) -C ®g(M1 + M;) -0 be a short exact sequence. Since O—®g(M1, M,) is exact on the R.H.S.,
the module M is W- flat if any A ®r(M1 + My)— B @r(M1 + Mp)"17.

Lemma 1.2: Let R be a ring with local units. For any ME mod-R the map, u M1+ Mp) : (M1 + M2)—

(M1+My) givenby X7 1 (M; + M;) ® rj — ¥i_1(M; + M;) ® r be an isomorphism of right R-modules®.
j=1 j=1
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Proof: Since (M1 + My) R = (M1 + My) this map is clearly an epimorphism. Suppose

YoM + M;) ri=0. Let ebealocalunitinring Rsatisfyinger,=re=r, fori=1,2,3.......... n. Then,
j=1

YicaM; + M)®r; =X (M +M)®rie =¥ (mn +mr)®@e=Q €=0.
j=1 j=1 j=1

Corollary 1.3: Aring R with local units is U-flat as a left R-module**”.

Proof: Let A=A;+ Ayand B = By + By, let O - A— B be an exact sequence of right R-modules.
Tensoring with the left R-module R, This leads to a commutative diagram:

f
O A B

[LEY | te

. I & 1d;
O AR it B&R

Figure 1.1: Diagram to explain commutative property*'’.

Here idris the identity map on R and pa, ps are the isomorphism defined in lemma 1. Since pa, fand psare all
monomorphisms, so is f & idr. Hence R is U- flat in R-Mod**7.

Proposition 1.4: Let A be an ideal of a ring R. The subsequent conditions are equivalent??;
“A= (A1 + A2) beapure ideal of R.
For every finite family o, <i <n of elements of A, there exists te Asuch that oi= ajt Vi, 1 <i <n.
For all a € A there exists feAsuch that o= ap.

H wpN e

R 7
AL+ AD' be a U-flat R-module”.

Moreover, if A is finitely generated, then A'is pure if and only if it is generated by an idempotent*.

Proof: (2) = (3), is obvious.
(3)=(4), let Bbean ideal of R, we must prove that An B =A.B ifac(A1 + A2)nB there exists te(A1+A2) such
that o =at. Hence ae (A + Ap) B,
(4) = (3),ifa e A+ Ay then Ro= (A1 + Ap) N (AL + Ar)a=Ao?.
(1) = (3), ifa € A1+ Ay, Lis solution of the equation a x = a. So this equation has a solution in A; + A, = A%,
(3) = (2) Letay, 0z, a2, an be the element of (A1 + Ay) = A, we proceed by induction on n. There exist
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t € (A1 + Ay) such that am=t am. By induction hypothesis there exist S € A1 + A such that, an-t an=s(an-t
an) Vi; 1<i<(n-1). Now, itiseasytocheck that (s +t-st)a. _o, Vi; 1<i<n®.

(2) = (1), we consider the subsequent system of equations, Z?_lm ;=0 €A, 1 <J < P. Assume that
(B1, B2 B3y-e--- Bn) be a solution of this system in R, then there exists S € (A1 + A2) such that o= S o, Vi; 1<
i < P, so(s01, 802, S03,............. son ) be a solution of this system in A; + A, = A%,

Lemma 1.5: Let 0—->A—B—C— 0 be an exact sequence such that Aand C are strongly U-Flat modules,
then B is strongly U-flat modules'®.

Proof: Let M be a strongly U-flat module, by induced exact sequence, Extk (C ® (My+ My)) —
Extk (B ® (Mi+My)) - Extg (A® (M1 + M) Since Extk (C® (Mi+M,))=0 and Extk (A ®(M:
+M,)) = 0then Exth (B ® (M1+ My)) = 0%,

Example 1.6: The Z- module Q isstrongly flat modules recalls that R is called a Matlis domain if the
projective Dimension of Q (or equivalently k) is one, module C is called Matlis cotorsion if Exty (Q ® C)=0
and M is called strongly U- flat if Ext,l2 (M1 + M) ® C) =0 for every Matlis cotorision R-module C®.

Corollary 1.7: Let R be a semi-Dedekind domain. If M be a U-projective R-module and N is weak
U-projective R-module then (M1 + M) ®%, be a weak W-projective’?,

Proof: The isomorphism Tor,R (M1 +M2) ® N,A) = (M1 +M;) ® TorR (N, A) together with pure
U-projective and pure U-injective o(M1 + My) : (M1 + M) - E(M1 + My) denotes the pure injective envelope
ofan R-module M where M =M, + M. Recall that an injective envelope (M1 + M) : (M1 + Mp) > E(M1 + M»)
has the unique mapping property, if for an homomorphism f: (M + M) —» N with ker f=0and N pure injective.
Then there exist a unique homomorphism g: E(M1 + M;) —E such that g 6 m : f. where M; + M= M2,

Theorem 1.8: Subsequent statements are equivalent?;
1. “RbeaPrufer domain
2. Every R-module is pure U- injective.

3 Ext,l2 (M1+ My, N)=0forall pure U-injective R-module N.
4. Every pure U-injective R-module has an injective envelope with unique mapping property”2.
Proof: (a) = (b), it is easy to verify?.
(b) = (c), if every R-module is pure w-projective then Ext,l2 (M1 + Mz,N)=0%
(d) = (a), let M be a pure U-injective R-module. We have the subsequent exact commutative diagram;

0
1
a(M1 + Mz
00— (M; + M) b N E (M; + Mz)— L -
0 jJLY LTL
E (L) = E(L) = E (L)

Figure 1.2: Diagram to explain exact commutative property?.
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Note that cLyM =0 = cM, So cLyM = 0 in view of the (d), therefore L = im (y) < ker (L) = 0 and hence M is pure
U-injective where M = M + M. Let | be a class of R-module and M be an R-module. A homomorphism ¢ € Homg
(N, M) with N e I is called an | pure pre-cover of M, if theinduces map Homg (In, ¢) : Homg(N%, N) — Homg
( N, Mg+ My) issurjective for all N* e 1. An |- pure cover ¢ € Homg (N, M + M,) is called an I- pure cover if
everyy € Homg( N, M1 + M) is called an I- pure pre-cover. If I isthe class of pure U- injective R-module, then
an |- envelope is called a pure U- injective envelope?.

Proposition 1.9: If M be an R-module, then the subsequent statements are equivalent®;
1 “Mis pure U- projective; where M = My + My
M is pure projective concerning every exact sequence 0— A—B—C—0, where Ais pure U- projective.
3. For every exact sequence, 0 > K —-F —»M —0 with ker t = 0 where F is pure U-injective, K —>F be a pure
U-injective pre-envelope of K.
4. Mis co-kernel of a pure U-injective pre-envelope of K — F with F projective”®.

N

Proof: (1) = (2), let 0>A — B — C — 0 be an exact sequence where A is pure U- injective. Then
Exth (Mi+My+A) =0by (5), Therefore Homg ( My + My, B) — Homg (M1 + M, C)—0 is exact, and (2) holds®.

(2) = (1), for every pure U-injective R-module N, there be a short exact sequence0 >N —>E —>L —0 withE
injective which induces an exact sequence, Homg (M1+Mz+E)—>Homg(M1+Ma+L)—> Ext,l2 (M1+M2+N) — 0.
Since, Homg (M1+Ma+E)—>Homg (M1+M2+L) — 0 is exact by (6), we have Ext,l2 (M1+ M2+N) =0and (5)
follows®.

(1) = (3), itis easyto verify®.

(3) = (4), let 0> K— P—M— 0 be an exact sequence with P-pure projective and M = M1 + M. Here P is pure
W- injective by hypothesis; thus, K — P be a pure U-injective pre-envelope®.

(4) = (1), there be an exact sequence 0— K -P—M— 0 where K — P be a pure U-injective pre-envelope with

P pure projective. It gives rise tothe exactness of Homg(P, N) - Homg(K, N) — Ext,l2 (M,N) —> 0 foreverypure
U- injective R-module N. Note that Homg(P, N) - Homg(K, N) — 0 is exact by (8). Hence Ext,l2 (M, N) ->0,as
desired , where M = M1 + M°.

2. Pure U-projective Dimension over the semi-Dedekind Domain :

Definition: (1) “For any R-module M, let pure U-injective dimension P wid(M) of M, denote the
smallest integer n >0 such that Extﬁ*l(N,M) =0 for every R-module N of weak dimension < 1. (If nosuch n
exists, set P wid(M) = o0)”?7,

(2) “P wid(R) = Sup {P wid(M) : M be an R-module}"’.

Lemma 2.1: Let R be a semi-Dedekind domain then for an R-module M, the subsequent statements are
equivalent'’;
1 “Pwid(M)< n.

2. Ext%*1 (N, M) =0 for all R-module N of U- dimension <1.

3. Ifthe sequence0>M > Ep—> E1—>............ — En— Oisexactwith Eg, Ej, ...... En1pure U-injective,
then also Ey is pure U- injective”.
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Proof: (1) = (2), using induction on n, it is clear that if P wid(M) <n-1resolve N by 0— K — P— N—0
with K and P flat, K have P w-dimension <1and Ext*1 (N, M) = Ext} (K, M) =0 byinduction hypothesis®’.

(2) = (3), follows from the isomorphism Ext*1 (N, M) = Extk (N, En)"".
(2) = (1), trivialt™,

Proposition 2.2: Let R be a semi-Dedekind domain. For R-module M and an integer n>0, the subsequent
are equivalent®14:
1 “Pwid(M) > n.
2 Extﬁﬂ(N, M) = 0 for any pure U-injective R-module N.

3 Extﬁ+1 (M, N) =0 for any pure U-injective R-module N. There exists an exact sequence, 0—>Ph—Pn1—...
—P1— Pg— M — O where every P; is pure U-projective”.

Proof: (2) = (3), for any pure U-injective R-module, N, there be a short exact sequence 0—->N —-E—L
—0, where E is injective. Then the sequence Ext:*! (N, L) > Ext}*1(M, E) = 0 is exact. Note that L is pure

U-injective so Ext3** (M, N) = 0 by (2) hence Ext}*1(M, N) = 0544,
(1) = (2), issimilarto (1) = (3).
(1) & (4), isstraightforward.
(2) = (1), isobvious.

3. Conclusion

Hence these results will generalize the concept of Strongly U-Flat Modules over Matlis Domains. In
this study, we found that a ring R with a local is U-flat as a left R-module and finitely generated, and then it is
pureifand only if generated by an idempotent. In O—»A — B -C—0, exact sequences A, C are strongly U-Flat
modules, and then B is strongly U-flat modules. Relations and various definitions have discussed, which
explains more about R-module.
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